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In this paper we prove the following two results: 
(a) Given a commutative diagram of spaces, if one changes the spaces involved by homotopy 
equivalences, one can build a homotopy coherent diagram from the given data. 
(b) Given a map between diagrams of spaces, if one changes each individual level component 
of the map by a homotopy, one can construct a homotopy coherent map between the two diagrams 
based on the new maps. 
AMS (MOS) Subj. Class.: 55P99, 55U35, 18655 
locally Kan simplicial category 
Introduction 
A deep understanding of homotopy coherence is clearly necessary for the detailed 
development of strong shape theory. However it should not be thought that that is 
the only situation in which homotopy coherent diagrams arise; in fact we prove 
here two results which show that, starting with ordinary commutative diagrams, 
quite banal operations can lead one into the realm of homotopy coherence. 
We must wait until later to give precise statements of these results, but will give 
here some indication of what they state and how they can be useful. We start by 
posing some problems: 
(a) Suppose that X is a space and G a discrete group acting on X continuously. 
If we are given a homotopy equivalence, X A Y, is it possible to give Y a structure 
of a G-space ‘up to homotopy’ in some sense? 
(b) Given a locally compact Hausdorff space X, one obtains the pro-space known 
as the end of X, defined by 
&(X)={cl(X-A): Acompact,AcX}. 
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Is it possible to change each cocompact piece, cl(X -A), within its homotopy type 
and still get a diagram “up to homotopy” in some sense? Both of these are special 
cases of the following problem. 
(c) Given a functor X : A + Top, and for each A in A a homotopy equivalence 
S(A): X(A)+ Y(A), 
is it possible to use X and the f(A) to construct a diagram Y based on the spaces 
{Y(A)} such that X and Y are homotopy equivalent in some sense? 
A closely related problem which has obvious analogues in the situations described 
by (a) and (b) above is the following: 
(d) Given a map of diagrams f: X + Y indexed by a category A, and for each 
object A in A a map g(A) homotopic to f(A), can one construct some sort of map 
g:X+ Y based on the maps {g(A)} and if so what structure will g have? 
The situation described in (a) is well known and in fact a solution to these 
problems has been around for some time (see [l] and [7]), however a reasonably 
accessible and complete account is difficult to find, at least for the general case. 
The difficulty has been that of giving a reasonable description of a homotopy 
coherent diagram since that concept is the key to these problems. We feel that, 
using [2J and [3], we now can claim to have such a ‘reasonable description’. Here 
we will use results from [3] to prove that in the case of (c), one can construct a 
homotopy coherent diagram Y and a homotopy coherent map f: X + Y based on 
the f’s and Y’s such that f gives an isomorphism between X and Y in the relevant 
category of homotopy coherent diagrams. Similarly in (d), g can be so constructed 
as to be a homotopy coherent map from X to Y. 
The proofs only depend on the fact that for (compactly generated) spaces X, Y, 
the simplicial set of morphisms Top(X, Y) (given by Top(X, Y), = Top(X x A “, Y)) 
is a Kan complex, we therefore state and prove the results replacing Top by an 
arbitrary locally Kan simplicially enriched category, B. 
We, in fact, prove more general results than the above mentioned ones, namely 
ones in which the diagrams and maps initially involved are themselves only assumed 
to be homotopy coherent. These stronger results are readily applicable in strong 
shape theory and allow one a lot more freedom of action when working with the 
homotopy coherent maps there considered. These methods were, in fact, used by 
the second author in [6] to develop an obstruction theory applicable to strong shape 
theory. 
1. Simplicial descriptions of homotopy coherence 
We have given a fairly detailed treatment of this in [3] and have also provided 
an introduction to this theory in our Perugia notes [4]. We therefore will limit 
ourselves here to a brief resume. 
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Given a small category A, one can form a free simplicial resolution, S(A), of A, 
so that S(A) is a simplicially enriched category. (The construction of S(A) is given 
in [2] where it is noted that this construction has been used by Dwyer and Kan 
[5].) The intuitive idea of a simplicial diagram F of type A, in Top, say, is that for 
each object A of A, one has a space F(A), 
- for each morphism 
A,& A, 
in A, a map 
F(AJ- F(a’) F(A,); 
- for each pair of composable maps 
a homotopy 
F(a,, 4: F(%QI) = F(%)F(ar); 
- for each 3 simplex of composable maps, 
A, 
a homotopy 
F(a1, ff2, a3): F(A,) x I2 -+ F(A,) 
linking the various composed homotopies that themselves link F(cx~cY~(Y,) and 
- and so on. 
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In general if .(+ is an n-simplex 
&&A$+-. . --% A, 
in the nerve of A then one has a homotopy 
F(a): F(A,) x I”-‘+ F(A,) 
restricting on the faces of the (n - I)-cube to various homotopies coming from the 
faces of (T. (As mentioned above, this is fully discussed in [2], [3] and [4]. Some 
examples are worked out in the latter reference by way of illustration.) 
The first author, adapting ideas of Vogt, proved that such an F, in fact, corre- 
sponded to a simplicial functor 
F: S(A) + Top,. 
Here Tops is the simplicial category of compactly generated topological spaces. The 
simplicial structure on the horn sets is given by 
Top(X, Y), =Top(X x A”, Y). 
One can define the homotopy coherent nerve of Top or more generally of a simplicial 
category B by 
Ner,.,.(B), = Simp Cat(S[n], B). 
(Here [n] is the category associated to the ordered set 0 < 1 < * * - < n.) So Net-,.,.(B) 
has for its class of n-simplices, the class of all homotopy coherent diagrams of the 
form of an n-simplex in B. Clearly 
F: S(A) + B 
corresponds to a map of simplicial 
F : Ner(A) + Ner,.,.(B). 
one has that 
classes 
We will say that a simplicial category B is locally Kan if for each X, Y in B, the 
simplicial set, B(X, Y), is a Kan complex. In [3], we verified the following properties 
of Ner,,,,(B) when B is locally Kan. 
(i) Ner,,,.(B) is a weak Kan complex, that is to say any (n, i)-box in Net-,.,.(B) 
with 0 < i < n, has a filler 
F 
A’[n] - Nw., @I 
I 
/A 
/ 
/ 
, 
/’ 
E’ 
, 
(ii) If F: A’[n] + Ner,.,.(B) is a (n, 0)-box such that the first map, F(0, I), in 
the diagram is a homotopy equivalence, then F has a filler, F : A[ n] + 
Nm,.,.(B). 
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(iii) If F:A”[n]+Ner,.,.(B) is a (n, n)-b ox such that the last map, F(n - 1, n), 
in the diagram is a homotopy equivalence, then F has a filler. 
The detailed verification is quite long but is explicit as to the construction of the 
fillers, more exactly it is as explicit as is the construction of fillers in the Kan 
complexes B(F(A), F(A’)) involved. It seems worth while indicating briefly the 
form of this construction as it allows one to describe explicitly the maps constructed 
later, at least in low dimensions. 
Taking n = 1, the boxes concerned are 
O.----+. 
and 
.---- -_, .1 
corresponding to an object F(0) or an object F(1). In both cases the identity map 
on the object provides a (degenerate) filler. 
For n = 2, we first consider (2,1)-boxes. Thus we are given a diagram 
We take F(02) = F(12)F(Ol) and an identity homotopy F(012) from F(02) to 
F(12)F(Ol). 
The harder cases of a (2,O) or a (2,2) box are similar, we handle the former by 
way of illustration. 
We are given 
F(l) 
F(O) - F(2) 
F(O2) 
where F(O1) is a homotopy equivalence. We specify a homotopy inverse g and 
homotopy H: 1 = gF(O1). 
We need a map F(12) and a homotopy 
F(012): F(0) x I + F(2) 
F(012): F(02) f F( 12)F(Ol). 
We take F( 12) = F(O2)g, F(012) = F(02)H. 
For n = 3, additional factors start influencing the formula for the filler. 
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For a (3,l)-box, we have a diagram 
F(l) 
with the inside and bottom face missing. 
The other faces correspond to specified homotopies and glue together to give a 
cubical box 
Ff03) 
F(013) 
in BINGO), F(3)). As this latter is a Kan complex we can fill this box to get a filler 
F(0123) and a last face F(O23) as required. 
For a (3,2)-box the ~onstru~ion is similar, but for a (3,O) or (3,3)-box the 
resulting filler need not come from a suitable face, more exactly we obtain for a 
(3,0)-box in Ner,.,.(B), a cubical box 
F(23)F(012) 
* 
but on filling, the restthing face must have the form F(l23)F(Ol) for some 
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F(123): F(13) = F(23)F(12), yet to be found. (This same problem occurs for a 
(2,0)-box but there is easy to resolve.) The solution is possible only because F(O1) 
is a homotopy equivalence. We pick g, a homotopy inverse for F(Ol), homotopies 
H: I= gF(Ol), K: l=F(Ol)g 
and a square 
Kl=(Ol) 
4 
b 
F(O1) L F(Ol)H 
(This is possible since B is locally Kan see [3] or [4].) We fill our cubical box (*) 
to get some G(a) with ‘last face’ G, then use L to construct squares 
F(13)KF(Ol) 
F(013) III 4 F(13)F(Ol)H F(23)F(12)F(Ol)H 
F(013) 
finally we fill 
M F(13)K 
F(23)F(12)KF(Ol) 
S, 
F(23)F(012) 
1 F‘(23)F(l2)K 
F(23)F(012) 
to obtain a cubical 3-dimensional box in B(F(O), F(3)) which we fill taking the last 
face as F(0123). This gives MO which we take for the required F(123). 
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This last face can be thought of as follows: 
F (023) 
F I013 I 
F(231 F(O121 
F(123) FiOl) 
More details of this last example plus the generalisation to arbitrary dimensions 
can be found in [3] and [4]. 
In the case of B=Tops, one can choose explicit retractions from simplices onto 
their various boxes thus giving specified fillers in the Kan complexes B(F(O), F(n)). 
The resulting formulae coming from these fillers are simplicial rather than the usual 
topological ones, thus for example 
might be filled in two steps by 
then 
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rather than the more usual ‘high’ vertex cone projection 
i\ 
/ ‘, 
1 \ 
I \ 
I \ 
I \ 
This does not make for easy formulae for the fillers in Ner,.,.(B). 
Coherent maps between coherent diagrams 
Taking almost the simplest example possible, if F, G are coherent diagrams of 
type [l] in B then they are just morphisms 
F(O) 
F(Ol) 
- F(1) 
G(O1) 
G(O) - G(1) 
A coherent morphism from F to G is a coherent diagram 
where the double arrows indicate homotopies. 
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In general, given a diagram type A, a coherent map is a coherent diagram, f of 
type Ax Ul, 
f: Ner(A x [l]) - Neri,.,.(B) 
AS 
Ner(A x [l]) = Net-(A) x Ner([l]) = Ner(A) x A[l], 
there are two simplicial maps 
. Eo, El. Ner(A) -+ Ner(A) x A[l], 
taking Ner(A) into Ner(A) x (0) and Ner(A) x(l) respectively, and we write 
dom(f) =fsg, codom(f) =f&i for the domain and codomain off respectively. We, 
of course, will use the notation f: F+ G if F = dam(f), G = codom(f). F and G 
are, of course, coherent diagrams of type A. 
One forms a homotopy category Coh(A, B) of coherent diagrams of type A in B 
as follows. 
Form the simplicial class S(A, B) having in dimension n the class Simp Cat(S(A x 
[n]), B). Now use the obvious extension to simplicial classes of the associated 
category functor to get the category Ass Cat(S(A, B)) which we take to be Coh(A, B). 
(By our extension, [3], of Vogt’s theorem on coherent diagrams one has an 
equivalence of categories 
Coh(A, B) = Ho(B*) 
if B is locally Kan and complete (or cocomplete). In particular if f: F + G is a 
coherent map such that each F(A) is a homotopy equivalence, then its class, [fl, 
in Coh(A, B) is an isomorphism.) 
Examples. One of the simpler examples of coherent diagrams occurs when A is a 
group considered as a small category. Then a coherent diagram of type A is a space, 
X, together with a homotopy coherent action of A on X. Maps between two such 
spaces need not preserve the structural homotopies “on the nose” but only up to 
specified homotopies-and so on. 
Other examples occur naturally in strong shape theory and in much less compli- 
cated situations such as the following. 
Suppose F is a commutative diagram of spaces of type A and one wishes to 
replace' some of the F(A) by homotopy equivalent spaces G(A) say. Then the 
collection of the remaining F(A)‘s and these new G(A)‘s cannot usually be made 
to form a commutative diagram. However, they will form a homotopy coherent 
diagram. This is the essence of the first of our two results. 
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2. Building homotopy coherent diagrams I 
The result hinted at above is the following: 
Proposition. Given a coherent diagram, F, of type A in a locally Kan simplicial category 
B and a family 
{f(A) : F(A) + G(A) 1 A E IAil 
of homotopy equivalences, then there is a coherent diagram, G, of type A and a coherent 
map f: F+ G extending {f(A)}. M oreover [A, the class off in Coh(A, B), is an 
isomorphism. 
Proof. We have 
F: Ner(A) x A ‘[l] + Ner,.,.(B) 
and 
{f>: sk, Ner(A) x A[ l] + Ner,.,,(B) 
agreeing on the intersection of their domains. (ski in general is the i-skeleton functor.) 
By a simple inductive argument we can reduce to the case, A= [n] and suppose 
that we already have an extension F,_, defined 
F,_l: (A[n]xA’[l])u(sk,_,A[n]xA[l])~ Ner,.,.(B) 
F and {fl together give us F0 to start our induction off and so we merely have to 
check that F,, can be defined on the whole of A{ n] x A[ 11. 
As Ner,,,,(B) is only weakly Kan with some other special fillers, we need to take 
some care in checking that F,_, has such an extension. 
In A[ n] x A[ 11, the non-degenerate (n + 1)-simplices may be represented as 
ak=(O,l,..., k,k ,..., n)x(O,O ,..., O,l,..., 1) 
t 
kth position 
for k = 0, 1, _ . . , n. We note that 
ak+luk = ak+luk+l. 
On a,, we have F,_, defined on all faces except a,a,,, thus we have a (n + 1, n)-box 
and hence a filler (since Ner,,,,(B) is weakly Kan). This gives us F,, on a,,u,, = anu,-, . 
For a,_r, we now know F, on a (n + 1, n - 1)-box, hence we have a filler and 
get F, on a,_,u,_, (and thus on an_Iu,,_2). We can continue like this with no difficulty 
until we have filled u1 and retrieved F, on alaI for use as &a,. 
This leaves us with u,,. It pays at this point to write u0 explicitly; it is 
a, = (0, 0, 1, . . . , n) x (0, 1, 1, . . . , 1). 
Here we know F,, on a (n+l, 0)-box, but its first morphism goes from (0,O) to 
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(0, 1) and hence is 
f(0): F(0) + G(0) 
which is a homotopy equivalence. By our results quoted earlier on fillers in Ner,,,.(B), 
a filler for this (n + 1, 0)-box exists completing the extension and proving the 
proposition, since f is a level homotopy equivalence by construction. Cl 
Remark. As we noted earlier any (n, n)-box in Ner,.,,(B), for which (n - 1, n) goes 
to a homotopy equivalence, has a filler. Using this one can similarly prove the dual 
proposition stated below: 
Proposition*. Given a coherent diagram Fof type A in a locally Kan simplicial category 
B and a family 
{f(A):G(A)+ F(A)IA+I) 
of homotopy equivalences, then there is a coherent diagram G of type A and a coherent 
map f: G + F extending {f). Moreover [f3 is an isomorphism in Coh(A, B). 
With explicit formulae possible for each filler of Ner,,,.(B), we will illustrate in 
low dimensions how one may explicitly give the homotopy coherence data in G 
and in the map f: F + G. As these data are constructed inductively up the skeleton 
of Ner( A), we need only consider the low order [n] as examples of suitable indexing 
categories. 
n = 0. There is no problem as g(0) is a homotopy coherent diagram already. 
n = 1. We have the data 
F(l)2 G(1) 
with H(0): 1 = g(O)f(O), H( 1): 1 = g(l)f( 1). The required map G(O1) can be taken 
to be f(l)F(Ol)g(O) and the homotopy coherent map f: F+ G is 
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Not only is this the obvious way to construct f but it is the way constructed by our 
proof given the explicit fillers for (2, i)-boxes we specified earlier. 
n = 2. We have F, a homotopy coherent diagram of type [2], homotopy inverses 
g(i) and homotopies H(i) and K(i) together with higher homotopies L(i) which 
we have chosen. 
After filling in faces using the case n = 1, we are left with the diagrams, 
f(2) 
w 
f(O) 
G(O) 
with back face 
Although F(02) = F(12)F(Ol) in this case 
G(02) z G(12)G(Ol) 
unless g(l)f(l) = 1, although G is obviously homotopy commutative in any case. 
Our construction of homotopy coherent data proceeds as follows: 
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We start with the (3,2)-box diagram 
u.$ 
F(O) 
giving homotopies in a square box 
id 
II 
f(2)ww 
id 
The identities coming from the top left identities used in filling each face. 
Although we have general formulae for filling in certain cases e.g. B=Top or 
B = simplicial abelian groups, here we have no problem in general, since degeneracies 
will do the job 
id 
Thus &a2 =f(2)F(012) = &u, . 
The next tetrahedron gives a (3, 1)-box 
G(2) 
HI 
u,: F(,I) pG(l) 
F(0) 
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and a square box of homotopies 
J-(2)F(t2)H(r)F(cr) 
id 
Our chosen fillers plus a degeneracy fill this to give 
id 
Finally for the first time we have to use the harder result yielding much more difficult 
homotopies to write down. We have a (3,0)-box: 
F(O) - G(0) 
We looked at this in some detail earlier; the resulting diagram for the homotopy is 
GU2)ftl) F(OllH(O) 
f~2lIF(12lH(1)FlO1) *F(012)1 
giving the missing homotopy G(012). 
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3. Building homotopy coherent diagrams II 
Before introducing our second result, we will state a technical proposition that 
will be needed later. The proof of this is identical with that of Proposition 3.2 of 
[3] but the statement is slightly stronger. Proposition 3.2. is a reduction of a more 
general result, but its proof does not use all the information available. The proof is 
in fact a more complicated analogue of the argument using the a, above, but this 
time gradually extending over the nondegenerate (n +2)-simplices of A[ n] x A[2]. 
Proposition A,. Let B be a locally Kan simplicial category. Given any natural number 
n and any simplicial map 
X: (A[n]xA0[2])u(skoA[n])xA[2]+Ner,,,,(B) 
in which for each 0~ is n, X restricted to {i} x A[21 is a diagram 
xi(1) 
{R ki 
xi(o) Yi * xi(2) 
with ai a homotopy equivalence, then X extends over A[ n] x A[2]. 
Our second situation in which coherence naturally occurs is when given a map 
f: F + G of (commutative) diagrams of spaces, one needs to change some of the 
f(A) by a homotopy. What results need not be commutative but can be made 
coherent. More precisely we prove a stronger result, namely: 
Proposition. Let f: F+ G be a coherent map of homotopy coherent diagrams of type 
A in a locally Kan simplicial category. Suppose given for each object A in A, a morphism 
g(A): F(A) + G(A) 
and a homotopy H(A): f(A) = g(A), then there is a coherent map g : F + G with the 
g(A) as its underlying component maps, and a coherent homotopy of coherent maps, 
H: f=g 
extending the H(A). 
Proof. For each A, we have a diagram 
F(A) 
,/ ’ 4 H(A): f(A)=g(A) 
F(A) f(A) G(A) 
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we use these to give a diagram 
X0: (Ner(A) x A”[2]) u ((sko NedA)) X 4[21)+ Ner,.,.(B) 
by 
X,)Ner(A) x h(APl) =f; 
X0 1 Ner(A) x a,( A [2]) = identity on F, 
XoI(skoNer(A)x ~[~I={H(A))A,IAI. 
We extend X0 to 
X,: (Ner(A) x A”[2]) u ((Sk, Ner(A) x A[2]) -+ Ner,.,.(B) 
using Proposition A, once for each l-simplex in Ner(A). Continuing by induction 
up the skeleton, we arrive successively at 
X,,: Ner(A) x A’[21 u ((Sk,, Ner(A)) x A[2]) -+ Ner,.,,(B) 
and hence, using Proposition A,+l, at an extension X,,, . The ‘union’ of all these 
extensions gives us 
X: Ner(A) x A[21 + Ner,.,.(B). 
Since Ner(A) x A[21 = Ner(A x [2]), this is a coherent diagram of type A x [2]. 
X 1 A x a,[21 gives the required g and H is X itself. 
This completes the proof of the result. Cl 
Again the proof is constructive allowing one to compute the coherence data for 
g. To illustrate the feasibility of giving explicit formulae we look again in low 
dimensions. We have nothing to do for [0], but for A = [l] already the situation 
needs care. 
The diagram for S is 
J-(l) 
F(1) w 
F(O) b 
f(O) 
G(1) 
I 
G(O) 
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so the diagram to consider for the construction of g is: 
F(01: 
f(l) 
F(l) ) G(l) 
’ F(1) 
/ 
F(Ol) 
G(Ol) 
F(O) 
f(O) 
\ rlo) G(o) 
(The right hand front face is missing.) 
The first box to fill is a (3,1) box. 
giving a diagram of homotopies 
f(Oll) id 
g(l) 
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We can fill this as follows: 
H(l)F(Ol) 
* % 
J(Oll) %I 1111 id 
With this new face we can pass to the next ‘box’ (of which unfortunately we know 
only two faces!), i.e. 
F(O) 
We fill the F(O), F(O), G(1) face using a degeneracy, then fill the resulting (3,0)-box 
as before. In fact as the first map in this box is the identity, this is easier than the 
general case. The diagram of given homotopies is 
H(l)F(Ol)*f(Oll) 
I 
Taking the degenerate filler gives H( l)F(Ol) *f(Oll) on the missing face and 
g(O1): F(O)+ G(1) as the last map. 
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Finally we have a (3,0)-box: 
G(1) 
The homotopies are 
H(l)F(Ol) *f(Oll) 
I 
G(Ol)H(O) 
* 
id 
again the first map is an identiy map which simplifies the construction, giving 
G(Ol)H(O) * (H(l)F(Ol) *f(Oll)) as the required homotopy to make g : F + G a 
coherent map. The case A = [2] is of correspondingly greater difficulty and is left 
as an exercise to the enterprising reader. 
The two results that we have proved here together with the similar result in [3] 
only scratch the surface of this basic method. Numerous variants present themselves, 
for instance: 
Suppose given f: F + G and {a (A) : F(A) + F’(A)} a family of homotopy 
equivalences and {g(A) : F’(A) + G(A)} ma p s such that there are homotopies 
H(A): f(A) = g(A)44 
then G can be made into a homotopy coherent diagram, a into an equivalence of 
diagrams and g into a homotopy coherent map so that 
Kl= [gl[al 
in Coh(A, B) and [a] is an isomorphism. 
These results are clearly extremely useful for handling homotopy coherent actions 
of groups on spaces and also have potential applications in strong shape theory 
and non-abelian cohomology theory. Some applications of the first result were given 
in [6] within the context of coherent prohomotopy theory. 
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Of greater subtlety are problems relating to the existence of diagrams, maps etc., 
when the filler conditions are not involved. These questions would need a deeper 
analysis of Ner,_,.(B) and some form of obstruction theory. It is hoped to attempt 
such problems in a future paper. 
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